This article proposes a mean-variance optimization and portfolio frontier analysis of energy risk management with carbon assets, introduced in January 2005 as part of the EU Emissions Trading Scheme. In a stylized exercise, we compute returns, standard deviations and correlations for various asset classes from April 2005 to January 2009. Our central result features an expected return of 3% with a standard deviation < 0.06 by introducing carbon assets -carbon futures and CERs-in a diversified portfolio composed of energy (oil, gas, coal), weather, bond, equity risky assets, and of a riskless asset (U.S. T-bills). Besides, we investigate the characteristics of each asset class with respect to the alpha, beta, and sigma in the spirit of the CAPM. These results reveal that carbon, gas, coal and bond assets share the best properties for composing an optimal portfolio. Collectively, these results illustrate the benefits of carbon assets for diversification purposes in portfolio management, as the carbon market constitutes a segmented commodity market with specific risk factors linked to the EU Commission's decisions and the power producers' fuel-switching behavior.
Introduction
Carbon assets, created on January 1, 2005 as part of the European Union Emissions Trading Scheme (EU ETS) 1 , present very peculiar characteristics which are worth of investigation for portfolio management purposes. The determinants of CO 2 prices are indeed linked to other energy markets (brent, gas, coal), and institutional events, as highlighted in previous literature (Christiansen et al. (2005) , Kanen (2006) , Mansanet-Bataller et al. (2007) , Alberola et al. (2008) ). Among these fundamentals, the fuel-switching behaviour of power operators, and the amendments to the scheme brought by the European Commission are key to understand the factors that drive the underlying price changes of carbon assets (Convery et al. (2008) , Delarue et al. (2008) , Ellerman and Feilhauer (2008) , Chevallier et al. (2009) ). Last but not least, carbon assets seem to exhibit a weak link with macroeconomic risk factors, be it with industrial production as a proxy of GDP (Alberola et al. (2009a) , Alberola et al. (2009b) ), or with stock and bond indices as a proxy of macroeconomic changes (Chevallier (2009) ). Thus, the investigation of the interrelationships between carbon assets and energy variables on the one hand, and with stock and bond variables on the other hand, appears of particular importance for asset management.
In this article, we develop a stylized exercise to investigate the characteristics of energy, weather, bond and equity assets in terms of diversification for portfolio management. Indeed, one of the key insights of asset management to present (Bodie et al. (2008) , Berk and DeMarzo (2008) ) is that diversification can reduce risk substantially. The main logic behind composing a portfolio not only with bonds and equities, but also with energy commodities, is to achieve a lower level of risk. A diversified portfolio may achieve a lower level of risk, because its individual asset components do not always move together. Besides, diversification does not necessarily reduce expected return. By including relevant asset classes, the goal of portfolio management consists in raising the expected return.
The literature on portfolio management with carbon assets is still very sparse. Hasselknippe (2004) first developed commodities market perspectives with respect to managing carbon risks. Kristiansen et al. (2006) detail the key factors in carbon pricing, the fuel-mix and electricity prices that are relevant to include in carbon risk management, based on several country studies. To our best knowledge, only Mansanet-Bataller and Pardo (2008) have investigated the empirical question between CO 2 prices and portfolio management. The authors investigate the properties of CO 2 prices for Phase I (2005-2007) and Phase II (2008 II ( -2012 More precisely, our regression analysis shows that carbon, gas, coal, and bonds assets appear particularly suitable for asset management. Our mean-variance optimization analysis
shows that a global portfolio composed of energy (including carbon), weather, bond, equity risky assets and a riskless asset (U.S. T-Bills) may achieve a level of standard deviation < 0.06
for an expected return of 3%.
The composition of the globally diversified portfolio studied in this article unfolds as follows. Among carbon assets, we consider mainly futures carbon prices 4 . We also retain Certified Emissions Reductions (CERs) credits 5 . The reason behind this choice is that CERs may add diversification to a portfolio due to their fungibility with other international ETS than the EU ETS. Among energy assets, we select oil, natural gas, and coal prices. Among traditional assets, we retain bonds and equities. Finally, we choose to incorporate weather derivatives products in the composition of our portfolio, since they offer opportunities to hedge the risks attached to temperatures changes, and thus increases/decreases in CO 2 emissions, and appear as a complementary asset to carbon.
The remainder of the article is organized as follows. Section 2 presents the data used.
Section 3 examines asset management strategies with energy, weather, bond and equity variables. Section 5 details the optimal portfolio composition. Section 6 concludes. (2000)), may generate Certified Emissions Reductions (CERs) credits for compliance in the EU ETS during 2008-12. The import limit is equal to 1.6 billion tonnes of offsets being allowed into the EU ETS from 2008-2020, i.e. an absolute maximum of 50% of the effort will be achievable through the CDM, coupled with quality criteria.
Data
This section discusses the source of each time-series chosen for energy, weather, bond and equity variables, as well as the robustness checks implemented.
Source and descriptive statistics
The source of the data is Thomson Financial Datastream and Reuters, unless otherwise indicated. The various asset classes that we examine in this article are detailed in Tables 1 to 3 (see the Appendix) which provide the expected returns and standard deviations (Table 1) ; the correlation matrix (Table 2) ; and descriptive statistics (Table 3 ) for the energy, weather, bond and equity assets. The expected return and standard deviation for each asset class are used in Section 4 for the composition of the optimal portfolio. When each asset class is examined as part of a portfolio, we measure asset risk by the covariance between asset return and the return on the market portfolio.
Insert Figure 1 about here
The returns for energy and weather assets are displayed in Figure 1 .
Insert Figure 2 about here
The returns for bond and equity assets are presented in Figure 2 .
According to the matrix of cross-correlations between sector variables reported in Table   2 , no simple correlation is over around 60% in absolute value. Since it is possible to have low correlations together with colinearity, we have investigated the presence of multicolinearity by comptuting the inflation of variance between explanatory variables. These calculations did not reveal serious problematic multicolinearities 6 .
For carbon assets, it is worth emphasizing in Table 3 that the kurtosis coefficient is by far higher than 3, which is the value of the kurtosis coefficient for the normal distribution. This excess kurtosis denotes a high likelihood of outliers. Second, the skewness coefficient is different from zero and negative, which highlights the presence of asymmetry.
Let us detail in the next section the time-series used for each asset class considered in this article. For bonds, we retain the ECB 5-year Euro Benchmark Bond. In the next section, we discuss several robustness checks implemented.
Energy, weather, bond and equity assets

Sensitivity tests
The purpose of this section is to demonstrate that the results obtained in Sections 3 and 4 are not sensitive to the choice of the time-series for energy, weather, bond and equity assets.
As sensitivity tests, we have considered the ECX December 2009 contract for carbon prices, the ECX CER Futures for CERs prices, the European Energy Exchange (EEX) off-peak 7 This choice of a carbon futures contract for delivery during Phase II of the EU ETS is motivated by the erratic behaviour of carbon prices during Phase I due to the banking restrictions implemented between Phase I and Phase II (Alberola and Chevallier (2009) ). 8 To ensure that all energy prices are traded with the same currency, we converted dollars to euros using the European Central Bank daily exchange rate (available at http://www.ecb.int ). 9 As for oil products, the prices of such weather derivatives contracts have been converted to euro using the €/$ exchange rate by the ECB. We discuss in the next section how to implement asset management strategies with the energy, weather, bond and equity assets contained in our database.
Asset management with energy, weather, bond and equity variables
This section reviews how to choose a portfolio composed of energy commodities, weather derivatives, bonds, and equities. We detail how expected returns are determined, and how they are related to energy risk management.
Expected excess return and market risk premium
Let N be the total number of risky assets. The excess return of asset n may be defined as:
with R n the return on the risky asset, and R f the return on the riskless asset.
Then, let us define the expected excess return of asset n as:
where E(.) denotes the expected value of the asset's return.
Next, we define the market portfolio as the value-weighted portfolio of the N risky assets:
with P n the price of one asset share, and s n the total number of shares.
Similarly, the weight of asset n in the market portfolio is: 5) i.e. as the expected excess return of the market portfolio.
Following these basic definitions, we recall in the next section how to measure various types of risks involved in portfolio management.
Systematic and idiosyncratic risks
Based on the CAPM 12 (Merton (1973) ), when studying asset returns we may estimate the following regression equation:
where the variation of asset n may be decomposed into:
-the systematic risk β n (R M -R f ), i.e. the risk perfectly correlated with the market portfolio.
This type of risk affects all assets, such as macroeconomic shocks affecting the economy.
-the idiosyncratic risk ε n , i.e. the risk uncorrelated with the market portfolio. This type of risk affects only one asset. For equities for instance, idiosyncratic risk corresponds to events affecting only a particular company or industry.
From there, we may derive three characteristics of an asset:
1. the beta measures the asset's sensitivity to market movements 13 :
2. the alpha measures the asset's attractiveness; 3. the sigma is the standard deviation of ε n , i.e. the idiosyncratic risk.
In the next section, we provide an estimate of betas, alphas and sigmas for all types of risky assets considered as part of our globally diversified portfolio.
Regression analysis
Taking expectations of eq.(6),
we may get some insights on the alpha, beta and market risk premium of each asset class contained in our database.
To take into account the heteroskedasticity present in the excess returns of financial and energy assets alike, we implement the following ARCH(1,1) model (Engle (1982) ):
with a Gaussian innovation distribution, as is standard in the financial economics literature (Hamilton (1994) ). R t is the return on the asset price, R t-1 is a proxy for the mean of R t conditional on past information, and ε t is the error term. Eq. (9) is estimated by Quasi Maximum Likelihood (QML, Gourieroux et al. (1984) ). The estimate covariance matrix is estimated using the BHHH matrix (Berndt et al. (1974) ).
Estimation results
Eq. (8) is estimated for each asset class composing our portfolio of energy, weather, bond and equity variables using the ARCH modelling structure detailed in eq.(9). Estimation results may be found in Tables 4 to 11 (see the Appendix).
We comment below Tables 4 to 11 with respect to the values of the alpha, beta, and sigma coefficients. However, it should be kept in mind that an asset's expected return depends on the asset's risk through the asset's beta (i.e. the systematic risk), and not through the asset's sigma (i.e. the idiosyncratic risk). The basic insight of the CAPM is indeed that the systematic risk -and not the idiosyncratic risk -is priced by the market. In other words, the relevant measure of risk is beta, and not the variance.
In Table 4 (see the Appendix), we notice that the alpha coefficient for carbon excess returns is statistically significant at the 1% level. This result highlights the carbon asset's attractiveness for the composition of the optimal portfolio. On the contrary, the carbon asset's sensitivity to market movements beta is not statistically significant. The sigma coefficient is equal to 0.61. This value reveals a medium level of idiosyncratic risk for carbon assets.
In Table 5 (see the Appendix), we observe that the alpha coefficient for natural gas assets is not statistically significant. The beta coefficient however is significant at the 1% level and negative. This result indicates that the excess returns on natural gas prices are negatively and statistically significantly correlated with market movements. This characteristic of natural gas products appears of particular importance for diversification purposes in portfolio management. The sigma coefficient is equal to 2.77, which corresponds to a high level of idiosyncratic risk.
In Table 6 (see the Appendix), none of the alpha or beta coefficients are statistically significant for the excess returns on the electricity variable. Besides, the level for the idiosyncratic risk coefficient sigma is very high (8.97). These results suggest that due to the well-known high level of peaks in the time-series of electricity prices (Joskow (2007) ), this variable does not appear particularly suitable for asset management strategies compared to the raw prices of other energy sources, such as oil, gas and coal 14 .
In Table 7 (see the Appendix), we note that the alpha coefficient for coal excess returns is statistically significant at the 1% level, which underlines this asset's attractiveness for portfolio management. Besides, the beta coefficient is also significant at the 10% level and negative. As for the natural gas variable, this result shows that coal asset's sensitivity is negatively correlated with market movements, which is of interest for diversification purposes.
The sigma coefficient is equal to 0.87, which reveals a medium level of idiosyncratic risk.
In Table 8 (see the Appendix), none of the alpha or beta coefficients for oil excess returns are statistically significant. The level of idiosyncratic risk for oil assets is in the medium range, with a value of 1.46. Due to these characteristics, oil assets do not surprisingly appear as very suitable for portfolio management either 15 .
In Table 9 (see the Appendix), we note that neither the alpha nor the beta coefficients are statistically significant for weather excess returns. Besides, the level of idiosyncratic risk is very high, with a value of sigma equal to 5.20. Thus, we may conclude based on these results that derivatives products do not appear to share the required properties for diversification and increasing returns purposes in portfolio management 16 .
In Table 10 (see the Appendix), we observe that the alpha coefficient for bonds is not statistically significant. This result is not surprising, since bonds are primarily purchased for the security of investments, and thus not for their attractiveness in terms of returns. The beta coefficient is statistically significant at the 1% level and positive. In line with the central role played by national governments in monetary policy, this result illustrates the strong link between the bond market and movements in global equity and commodity markets. The sigma coefficient is low (0.07), which confirms bond asset's interest for pooling risks.
In Table 11 (see the Appendix), none of the alpha or beta coefficients appear statistically significant for the excess return of CERs. This result does not appear especially surprising, given the high level of risks attached to the delivery of CDM credits to project developers (IETA (2008)). Like carbon assets, CERs carry a medium level of idiosyncratic risk, with a value of the sigma coefficient equal to 0.41.
14 Nevertheless, we choose to keep this variable in the determination of our optimal portfolio in the next section, due to the central role played by power producers on the European emissions market, which greatly influence the determination of the carbon price (Delarue et al. (2008), Ellerman and Feilhauer (2008) ). 15 However, due to the clear link between petroleum consumption and GDP (Lutz (2008)) on the one hand, and to the fact that oil products are the most traded assets among energy commodities (Kang et al.
), we choose to keep oil assets in the composition of our portfolio in the next section. 16 As for electricity and oil, weather appears as an important determinant of the price of carbon assets (Kanen (2006), Alberola et al. (2008) ). Thus, we choose to keep this variable in the composition of our globally diversified portfolio in the next section.
Among all the energy, bond and equity assets, this regression analysis indicates that the carbon, gas, coal, and bond assets share the best properties in terms of (i) sensitivity to market movements, (ii) attractiveness, or (iii) level of idiosyncratic risk to enter the optimal composition of our portfolio 17 .
To analyse the interplay between energy, weather, bond and equity assets -which is the purpose of the stylized exercise developed in this article -we decide to include all of them in the composition of our portfolio in the next section.
Mean-variance optimization and the portfolio frontier
Following the review of the properties of energy, weather, bonds, and equities assets in Section 3, we detail in this section the optimal composition of the portfolio based on meanvariance optimization and portfolio frontier analysis.
Portfolio frontier with risky assets only
In this section, we explore how to choose the optimal portfolio composed of energy, weather, bond and equity assets. This question can be addressed in two steps:
1. Among all portfolios with a given expected return, which is the portfolio with the minimum variance? This first step will give us a set of portfolio, one for each expected return. This set is called the portfolio frontier (PF), whose elements are frontier portfolios.
2. Which is the best portfolio on the PF? This answer will depend on how we trade off risk and return, and on the level of risk aversion of a specific group of investors.
Using the historical data from April 2005 to January 2009 for energy, weather, bonds and equities variables as explained in Section 2, we consider below the optimization program of choosing the global portfolio. The statistical properties of returns for all classes of assets, including expected returns, sample means, standard deviations, and correlations may be found
in Tables 1 to 3 (see the Appendix) 18 .
Among all portfolios that have a given expected return (E), the optimization problem consists in choosing the portfolio with the minimum variance:
17 As the CAPM implies than an asset's expected return depends on risk only through beta, this conclusion shall be read especially in the light obtained for the beta coefficient of each asset class. 18 We should always keep in mind that mean-variance optimization is only as precise as these estimates are. While the estimates for standard deviations and correlations are generally quite precise, the estimates for expected returns are quite imprecise (i.e. historical data for bonds and equities over a 75-year sample report a standard error around 2.5% (Bodie et al. (2008) , Berk and DeMarzo (2008) .) (10) with w n , n={1, ..., N} the portfolio weights to minimize.
The portfolio frontier analysis with risky assets only is displayed in Figure 3 19 .
Insert Figure 3 about here
Assuming that we only care about mean and variance, we only need to consider portfolios on the PF. By comparing portfolios on the PF in Figure 3 , we may observe that the optimal portfolio achieves a standard deviation < 0.1 for an expected return around 3%. This result illustrates the benefits of diversification to reduce idiosyncratic risk by adding energy and weather variables to usual bonds and equities variables, and more particularly by managing energy risk with a new class of carbon assets. This exercise thus demonstrates that diversification outside a group of assets is more effective in reducing risk 20 .
We develop in the next section a slight variation of the mean-variance optimization program by including also a riskless asset.
Portfolio frontier with a riskless asset
In this section, all frontiers portfolios are combinations of the riskless asset and the tangent portfolio (TP). We use the U.S. T-bills as the riskless asset. We only need to choose the weights of the risky assets, w n , n={1, ..., N}, given that the weight of the riskless asset is:
The variance of the riskless asset is indeed equal to zero, as is its covariance with all risky assets. The optimization problem in eq.(10) needs to be rewritten as follows:
19 Note that allowing short sales -selling an asset that we do not own -will only result in expanding the PF, as is standard in the portfolio management literature (Bodie et al. (2008) , Berk and DeMarzo (2008) ). 20 Note this comment applies as long as diversification within a group of assets allows reducing, and eventually eliminating, idiosyncratic risk. However, it cannot eliminate systematic risk.
The PF is delimited by the line linking the riskless asset with the TP 21 . Thus, to determine the PF, we only need to solve the optimization problem, and to draw the line linking that portfolio to the riskless asset.
The portfolio frontier analysis with a riskless asset is presented in Figure 4 .
Insert Figure 4 about here
By considering the line linking the riskless asset with the points on the hyperbola 22 , we notice in Figure 4 that the optimal portfolio in this configuration allows achieving a standard deviation < 0.06 for an expected return around 3%. Thus, departing from the benchmark case in Section 4.2, the inclusion of a riskless asset such as the T-Bill rate allows minimizing the variance for the same level of expected return.
We are now able to answer carefully to the question "which portfolio to choose?".
Assuming that we care only about mean and variance, we should choose indeed a portfolio on the PF. Which portfolio depends then on how we trade off risk and return, i.e. on the level of risk aversion 23 . If we are very risk-averse, we should choose a portfolio closer to the riskless asset. If we are not very risk-averse, we should choose a portfolio closer to the TP, and even above the TP. For investors as a group, the demand will be a combination of tangent portfolio and riskless asset.
These comments conclude our stylized exercise of portfolio management including bonds, equities, energy and weather variables, as well as a new class of carbon assets.
Concluding Remarks
This article provides a stylized exercise to investigate the diversification benefits that may be drawn from using carbon assets in portfolio management. Apart from traditional assets, there is a need on the carbon market to take into account the interrelationships with other energy markets, weather influences, and macroeconomic conditions, as shown in previous literature (Christiansen et al. (2005) , Alberola et al. (2008 ), Chevallier (2009 ). Thus, we introduce two types of carbon assets -carbon futures and CERs -among a global portfolio composed of energy commodities (oil, coal, gas), weather derivatives, bonds and equities. Our study period goes from April 2005 to January 2009. 21 The basic insight here is that at the market equilibrium demand equals supply, and in particular the TP coincides with the market portfolio. 22 In this context, the portfolio frontier is indeed represented by the line with the steepest slope.
23 Chevallier et al. (2009) demonstrate that the level of risk aversion is higher on the carbon market than on equity markets. This result is due to the high level of institutional uncertainty on this emerging commodity market. The authors however point out that the values for risk aversion on the carbon market should progressively converge to the values found on equity markets, as the formation of anticipations becomes more homogeneous among market operators.
required properties in terms of betas to compose a globally diversified portfolio, and (ii) that a global portfolio with energy (including carbon), weather, bond, equity risky assets and a riskless assets (U.S. T-Bills) achieves a level of standard deviation < 0.06 for an expected return of 3%.
Collectively, these results provide insights into the benefits of introducing carbon assets for diversification purposes in portfolio management. Unlike other energy markets which exhibit a direct link with macroeconomic conditions, risk factors on the carbon market are mainly linked to power producers' fuel-switching behaviour and institutional decision changes by the EU Commission.
Finally, portfolio management with carbon assets is yet another attempt at eliminating idiosyncratic risk among a range of diversified investments, but not systematic risk, as the recent "credit crunch" crisis has shown the dependency of all types of assets to macroeconomic shocks. 
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